In this work, we use a dynamical system approach to analyse the viability of f (R, L) candidates for dark energy. We compare these with nonminimal coupled f (R) theories and study the solutions for exponential and power-law forms in order to constraint the allowed range of model parameters.
I. INTRODUCTION
General Relativity (GR) is currently the most well supported theory of gravitation, boasting an enormous body of experimental evidence [1] , from the accurate prediction of Mercury's orbit to the more recent detection of gravitational waves [2] . In spite of this, recent observations [3] are incompatible with a purely baryonic matter content and must resort to exotic non-baryonic forms of matter and dark energy to accurately model the rotation of galaxies and the accelerated expansion of the Universe.
It is in this context that other models began to appear and attempt to explain this large scale behaviour. Among the most prominent phenomenological proposals are the so-called f (R) theories [4, 5] , where the EinsteinHilbert action is replaced by a nonlinear function of the scalar curvature, and models that present nonminimal couplings (NMC) between matter and curvature [6, 7] . Some of these models have been shown to be able to mimic dark matter [8] , dark energy [9] [10] [11] and explain post-inflationary preheating [12] and cosmological structure formation [13] .
Previous attempts at solving these cosmological problems using a NMC model have resorted to a coupling between curvature and a scalar field [14] [15] [16] [17] , but did not extend this coupling to the baryonic matter content. More recently, a dynamical system analysis approach was used to analyse a model that incorporated both f (R) theories and a NMC with the baryonic matter content [18] .
Following the renewed interest on f (R) theories over the past decade and the previous work reported in Ref. [18] , in this work we use a dynamical system approach to study a more general f (R, L) group of theories [19] , that allow for more nonlinear couplings between matter and curvature. We use this method to check the viability of several models on large scales, such as possible candidates for dark energy. Other similar studies, albeit in a different context, can be found in Refs. [20] [21] [22] [23] .
This work is organized as follow: the general NMC f (R, L) model is discussed in Sec. II; the derivation of the corresponding dynamical system is found in Sec. III; confirmation of the results obtained in GR and previous work are presented in Secs. IV and V, respectively; the results and respective discussion of an exponential and a power law models can be found in Secs. VI and VII, respectively. Finally, the conclusions are presented in Sec. VIII. Information on the relevant physical quantities can be found on Appendix A, while an analysis of the necessary conditions for a de Sitter Universe can be found in Appendix B.
II. THE MODEL
We consider a broad generalization of the EinsteinHilbert action that follows from f (R) theories [4] , but allows for an arbitrary non-minimal coupling between matter and curvature, embodied in the action,
where f (R, L) is an arbitrary function of the scalar curvature R and the matter Lagrangian density L and g is the determinant of the metric. We may recover GR by setting f (R, L) = κ(R−2Λ)+L with κ = c 4 /(16πG); similarly, f (R) theories are given by assuming the separation f (R,
The field equations are obtained by a null variation of the action with respect to the metric, and take the form
where
∆ µν ≡ ∇ µ ∇ ν − g µν , and the matter energy-momentum tensor is defined as
We can take the covariant derivative of the field equations and use the first Bianchi identity to obtain the conversation law for the energy-momentum tensor,
showing that the latter is no longer covariantly conserved. The above expands upon the result obtained for NMC theories [7] , which read
In order to analyse the present day evolution of the Universe, we consider a flat Universe and adopt the Friedman-Robertson-Walker (FRW) metric, given by
where a(t) is the scale factor and dV is the volume element. Matter is assumed to behave as a perfect fluid, with an energy-momentum tensor
derived from the Lagrangian density L = −ρ (see Ref.
[24] for a discussion), where ρ and p are the respectively the energy density and pressure of the perfect fluid, and u µ is its four-velocity. By substitution, this Lagrangian density and energymomentum tensor in the conservation equation (5), we once again obtain the usual continuity equatioṅ
where H =ȧ/a is the Hubble parameter and w = p/ρ is the equation of state (EOS) parameter. Notice that, although Eq. (5) implies that, in general, energy is not conserved, it turns out that assuming a FRW metric makes the factor g µν L − T µν vanish: this was also the case in NMC models, as can be seen from Eq. (6) . Substituting the metric into the field equations, we obtain the modified Friedmann equation from the 00 component
and the modified Raychaudhuri equation
We can explore solutions to the field equations by analysing the dynamical system composed of the dimensionless variables
so that the modified Friedmann equation (10) becomes
acting as an algebraic restriction to the phase space. It is useful to calculate the following quantities in terms of the variables (12):
where N = ln a is the number of e-folds, so that
By substituting the equalities (14) in Eq. (11), one obtains the Raychaudhuri Eq. in the dimensionless form
Going forward, it is useful to define the following dimensionless parameters:
The dynamical system consists of the evolution equations for the variables (12) (with respect to N ), which are now derived. Using the continuity equation (9), we obtain
Using (18), the modified Raychaudhuri equation yields
Differentiating the remaining variable with respect to the number of e-folds N , we obtain the following dynamical
(20) subject to the constraint (13) . Applying this constraint we can eliminate one of the equations from the system: we choose to eliminate z and are left with
(21) Solving this system usually also requires writing the scalar curvature R and energy density ρ as functions of the variables (12) . Failure to do so may severely limit the ensuing analysis even if the fixed points of the system (21) are determined, as one may not be able to translate between the assumed dimensionless variables and the physically significant quantities. A brief note on obtaining these relations can be found in Appendix A.
IV. GENERAL RELATIVITY
We now consider the case of GR, where
and higher order derivatives of f (R, L) are null, thus implying x = φ = 0 and θ = 4 − 2y = 3(1 + w). Note that even though some of the parameters in Eq. (17) might diverge, the combined terms appearing in the dynamical system (21) do not. Furthermore, the Raychaudhuri Eq. (16) implies that
using the algebraic constraint z = 1 − y resulting from Eq. (13) . This allows us to read the value for y and z, with the dimensionless variable θ determined from the differential equation arising from dynamical system (21), 
which has the solution
where ρ 0 is the density when a = a 0 . Thus, for a sufficiently small scale factor we obtain a matter dominated Universe, corresponding to the unstable fixed point A, depicted on Table I .
Conversely, for late times the stable fixed point B is attained, so that q = −1, i.e. a asymptotically De Sitter Universe with infinitely diluted matter, as expected. From definition (12) arises the usual relation between the expansion rate and the cosmological constant,
V. NONMINIMALLY COUPLED THEORIES
Having used the standard scenario posited by GR as a sanity check for our method, we now proceed and analyse the case of a combination of f (R) theories and a non-minimal coupling, defined by the function f (R, L) = κf 1 (R)+f 2 (R)L, in order to confirm the results obtained in Ref. [18] . In the latter, the relations (A6) yield the additional constraint
or equivalently,ŷ
R/f 1 and the variables (x,ŷ,ẑ, Ω 1 , Ω 2 ) are the ones used in Ref. [18] ; these are related to those defined in (12) bŷ
This is the same condition obtained from the modified Raychaudhuri Eq. in Ref. [18] . Replacing these variables 
in the equation system (20), we get
-which is exactly the system obtained in the aforementioned study, as expected.
Having established the soundness of the method here reported by comparison with GR and NMC theories, we now proceed to study the more complex model
where M is a type mass scale and H 2 0 will turn out to be the expansion rate of the fixed point associated with a de Sitter solution. This is the same model given as an example of f (R, L) theories in Ref. [19] . Notice that this does not simplify to General Relativity with a cosmological constant for small R and L, as the constant term corresponding to the cosmological constant would appear with the wrong sign: however, the fixed points obtained below do not obey the latter conditions.
The quantities defined in Eq. (17) now read
while the constraints (A6) yield
The fixed points of the dynamical system (21) are shown in Table II , along with the corresponding solutions.
A. Point A This solution is a saddle point that is only valid at late times, t → ∞: since y = 0, Eq. (A1) implies that the scalar curvature vanishes (or equivalently, the relation R ∼ y/z found above); however, x = 0: from its definition (12) , this is only possible if either f R = 0 or H = 0. The former implies
which leads to the unphysical result ρ → ∞.
The vanishing scalar curvature implies that H(t) = 1/2t: the latter condition H = 0 thus implies that t → ∞, as mentioned previously.
B. Point B
This is a saddle point where ρ → 0 as t → ∞, i.e. an empty Universe. This results in a de Sitter solution with an exponential scale factor but, unlike the case of GR, it is unstable due to the exponential form of f (R, L). Interestingly, it could imply that the current phase of accelerated expansion is temporary.
The definition (12) now reads
so that the expansion rate is indeed given by H = H 0 .
VII. POWER LAW f (R, L)
We now consider the model
where M is a characteristic mass scale and ε 1, so that it represents a power law extension of GR.
In this model, the quantities defined in Eq. (17) become
while the constraints (A6) read
We use the same process as before to find the fixed points of the dynamical system (21) . The results and corresponding physical solutions are depicted in Tables  III and IV. TABLE III There is no stable region and the remaining phase space corresponds to a saddle point.
A. Point A
Similarly to point A in the exponential case, this point is reached asymptotically, since x = 1 implies that either
The scale factor has the same solution as before, so R vanishes and the energy density is inversely proportional to time, and both conditions imply t → ∞. The stability of the point is shown in Fig. 1 . Note that this fixed point is never an attractor, so it is not a viable candidate for eternal dark energy. It might have some bearing on inflation though, since it does not present a large distinction from GR.
B. Point B
Point B only occurs if the exponent ε is related to the EOS parameter w by ε = 1/3(1+w); the equation for the x variable decouples from the rest of the system, so that we have an infinite number of fixed points for all values of x, whose stability is shown in Fig. 2 . Once again, the point is not an attractor for any values of x and w, so it is not a viable candidate for dark energy.
C. Point C
This fixed point has the peculiarity of having a deceleration parameter given by which can be seen more clearly in Fig. 3 . The stability of the point is shown for a range of w and ε values in Fig.  4 . Since we are looking for solutions similar to GR, we can exclude the stability regions with |ε| > 1 as viable candidates for our theory. The unstable region corresponds to an increasingly higher deceleration parameter as one approaches GR, and as such does not correspond to any known epoch of the Universe.
The stable region with −1/2 < |ε| < 0, on the other hand, provides a viable alternative to a dark energy, since it is capable of having a negative deceleration parameter for any value of the EOS parameter w, and can be arbitrarily close to GR. The only problem that occurs is that the value of q is much lower than one would expect for a dark energy filled Universe, especially as one approaches GR. Even though it leads to a "big rip", this scenario is valid as an asymptotic solution for the current accelerated expansion of the Universe.
D. Point D
This point has a deceleration parameter that is related to the EOS parameter w in the same way as in GR, with q = (1 + 3w)/2. As can be seen in Fig. 5 , this point is a saddle point in for all the phase space except for an unstable region with positive q, and is therefore an unsuitable candidate for dark energy.
VIII. DISCUSSION AND OUTLOOK
In this work we studied the generic case of f (R, L) theories via a dynamical system analysis. As expected, when f (R, L) = κ(R−2Λ)+L we obtain the same results as in GR. In the case where the Lagrangian density appears linearly, i.e. f (R, L) = f 1 (R) + f 2 (R)L, we obtain the same dynamical system and constraints previously reported in Ref. [18] .
Forcing a de Sitter solution on the obtained dynamical system shows that one can be obtained for vanishing en-ergy density, as long as the form for the function f (R, L) is well behaved, i.e. does not lead to divergences in the parameters defined in Eq. (17) . Furthermore, we have shown that, as previously explored in NMC theories, de Sitter solutions are possible even for non-vanishing energy density, with the coupling between curvature and matter driving the accelerated expansion of the Universe.
If f (R, L) is exponential, we find a saddle point with a radiation-like scale factor solution valid only at t → ∞, and an unstable fixed point with a de Sitter solution. While the latter is similar to a dark energy filled Universe in GR, the nonminimal coupling of dark energy and curvature lead to this point being unstable.
The power-law form for f (R, L) has a wider range of solutions, including a stable fixed point C with a negative deceleration parameter that does not require dark energy, making it a possible candidate for an alternative model. The remaining points all have unstable regions, but none that can relate to any known epochs of the history of the Universe.
Overall, dynamical system analysis is a very useful method for checking the compatibility of different gravitation theories against the known history of the Universe. Moreover, the resulting dynamical system is variabledependent, and as such the choice in the dimensionless variables can affect the range of solutions that can be obtained.
It is also important to remark that the stability of any given solution is only local, and does not imply that there exists a trajectory connecting any two fixed points, as noted in Ref. [22] . Ideally, one would have a stable fixed point with negative q acting a global attractor, so that all matter-dominated phases would lead to an accelerated expanding Universe without resorting to fine-tuning.
Future work on the cosmological viability of f (R, L) theories should include the comparison of the possible candidates for inflation or dark energy here identified with existing cosmographic data, as well as ascertaining under which conditions is this model capable of generating the density perturbations necessary for the creation of large scale structures in the early Universe (see Refs. [9, 13] for similar studies in the case of NMC models). 
For the first case, the scale factor evolves as a power of time, while in the second result the Hubble parameter will be constant and this the scale factor will rise exponentially, i.e a De Sitter phase. Note that this solution was obtained resorting (indirectly) to the definition of the Ricci scalar with the used metric.
Other important physical quantity is the energy density: one can determine its evolution for each fixed point from the continuity Eq. (9). The general solution for this is the familiar result
It is also extremely useful to write both the scalar curvature and the energy density as functions of the variables (12) , whose form will depend on the specific model being considered, and thus cannot be fully determinedà priori. This can be achieved from the relations
which constitute a system of six equations for the six quantities (ρ, R, f, f R , f L , f RL ). As such, the functions R = R(x, y, φ, θ) and ρ = ρ(x, y, φ, θ) can only be written explicitly in models in which at least two of the previous equalities are non-trivial, invertible and distinct. and the energy density vanishes (i.e. y = 2), searching for the conditions that the function f (R, L) must obey to allow it.
Several quantities depend only on the value of y, and can be calculated directly, such as the scale factor a(t) = e H0t , the density ρ(t) = ρ 0 e −3(1+w)H0t , and the deceleration parameter q = −1. We further assume that f R = 0, so that the additional constraint x = 0 is valid, implying that
Substituting the solution for the scale factor into the system, the equation for y simplifies trivially. We are therefore left with the system
complemented by the above algebraic constraint, and assuming that α R = 0 and β R does not diverge.
Since the dependence of β L and γ L on the chosen variables is unknown, we opt not to reduce the above to a single differential equation (with a solution that could not be determined explicitly anyway).
Empty Universe solution
Notice that the assumption of vanishing energy density ρ = 0 → θ = φ = 0 was not taken in the above, as the rich phenomenology of f (R, L) in principle allows for a relevant contribution from matter which, due to the coupling with curvature, can lead to a de Sitter expansion (as seen in NMC theories [9] [10] [11] ).
If we nevertheless choose to impose the former condition, then substituting θ = φ = 0 into the above trivially satisfies both Eq. (B1) and the system (B2), as long as β L and γ L do not diverge.
As such, we conclude that a "pure" de Sitter phase with vanishing energy density is always attainable as long as the function f (R, L) does not lead to vanishing parameter α R , β R , β L and γ L , evaluated at the fixed point y = 2, x = φ = θ = 0.
Non-empty Universe solution
In the more interesting scenario were a non-vanishing energy density ρ = 0 nonetheless permits or even drives an exponential phase of accelerated expansion, we may denote the ensuing fixed point(s) as (x, y, z, φ, θ) = (0, 2, z * , φ * , θ * ). From Eqs. (B1,B2), we find that the latter must obey
Notice that, from the definitions (17), the final condition translates into the condition
Naturally, since we do not know the explicit dependence of the parameters defined in Eq. (17) on the dimensionless variables considered, the Jacobian matrix of the dynamical system above cannot be computed, and as such no stability analysis can be performed. Nonetheless, the obtained conditions for the function f (R, L) are a relevant result -as it allows the exclusion of models that do not obey them as suitable dark energy proposals.
